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RESUMO – A simulação estocástica é uma ferramenta útil para o gerenciamento dos recursos 

hídricos. No caso do setor elétrico brasileiro, cenários sintéticos de vazão representam dados de 

entrada importantes para os modelos de otimização, para definir políticas de operação em 

reservatórios. Por isso, o estudo da simulação estocástica de afluências é um tópico que deve ser 

estudado para reduzir a incerteza das variáveis hidrológicas e meteorológicas. Tradicionalmente, a 

simulação estocástica de vazões é baseada no modelo Box & Jenkins e variações deste. No entanto, 

este método apresenta algumas desvantagens que limitam a simulação de dados históricos. 

Recentemente, as cópulas estão sendo amplamente utilizadas em diferentes aplicações da hidrologia 

por sua flexibilidade para modelar variáveis aleatórias em d-dimensões. Este artigo faz uso das D-

vine como uma abordagem multivariada no uso das cópulas e a teoria da entropia para a modelagem 

de séries sintéticas mensais de vazões no rio São Francisco. Os resultados mostram que os cenários 

gerados conseguem manter a estrutura periódica da região Nordeste do Brasil, assim como 

preservar a estatística dos dados históricos.  

 

Palavras-Chave – Simulação estocástica, funções cópula, máxima entropia.  
 

ABSTRACT– Stochastic simulation is a useful tool for the management of water resources. In the 

case of the Brazilian electric sector, synthetic streamflow scenarios represent important input for the 

optimization models to define operation policies in reservoirs. Therefore, the study of stochastic 

streamflow simulation is a topic that should be studied to reduce the uncertainty of hydrological and 

meteorological variables. Traditionally, stochastic streamflow simulation is based on the Box & 

Jenkins model and its variations. However, this method presents some drawbacks that limit the 

simulation of historical data. Recently, copulas are being widely used in different applications of 

hydrology for their flexibility to model d-dimensional random variables. This paper uses the D-

vines as a multivariate approach of copula and the entropy theory for the modeling of monthly 

synthetic series of flows in the São Francisco River. The results show that the scenarios generated 

maintain the periodic structure of the Northeast region of Brazil, as well as preserve historical data 

statistics. 
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INTRODUCTION 

The Brazilian electricity sector is the largest in South America. The installed capacity by the 

end of 2018 was 164 GWs. Moreover, Brazil has the largest capacity for water storage in the world, 

being highly dependent on hydroelectricity generation capacity and the hydrological regimes. The 

planning and operation of the Brazilian Electricity Sector are determined by computational 

platforms based on stochastic programming. For this case, streamflows scenarios are an essential 

input for these models, being necessary that each one preserve statistical features of the historical 

data.  

Traditionally, the Brazilian electricity sector considers the PAR(p) model for monthly 

streamflow simulation (CEPEL, 2002). The PAR(p) model is a variation of a commonly used for 

stochastic modeling called Box & Jenkins or ARIMA model (Box et al., 1994). These models adopt 

some assumptions that limit its application for hydrological and meteorological variables. In 

general, the ARIMA is a linear model and assumes a Gaussian distribution of the data. Furthermore, 

the simulation of synthetic scenarios via Monte Carlo method produces sampled values in the range 

(−∞, ∞) (Sharma e O’Neill, 2002). This drawback can overcome transforming the original data. 

However, this procedure may introduce some bias into the simulated scenarios.  

Recently, copula functions have been extensively applied for hydrological modeling due to its 

flexibility in constructing the joint distribution to describe the dependence structure between 

random variables (Hao e Singh., 2012). The simulation of streamflow using copula-based model 

was firstly applied by Lee e Salas (2011) to model the temporal dependence of yearly streamflow in 

the Nile River. Jeong e Lee (2015) used the same approach with a periodic Markov Chain to 

simulate seasonal intermittent streamflow. Hao e Singh (2012) proposed the entropy-copula method 

to simulate single-site monthly streamflow time series. The authors estimated the joint distribution 

of adjacent monthly streamflow using copula and the marginal distribution of streamflow for each 

month using the entropy method. Meanwhile, Pereira e Veiga (2018) used a multivariate approach 

of copula functions called D-vine to model periodic streamflow time series. 

For this study, the entropy theory is combined copula functions for the simulation of 

monthly streamflow time series in San Francisco River. This model was based on the selection of 

a set copula to model the temporal dependence of historical data and the use of entropy theory to 

define the marginal distribution function for each month. The results show that the model can 

properly capture the periodical characteristics of the historical data, as well as different statistical 

moments. 
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METHODOLOGY 

The methodology used for this study was divided in two. Firstly, the maximum entropy theory 

was applied to estimate the marginal probability distribution function (PDF) for all months. These 

probability distribution functions are used to transform the original data into copula data. 

Subsequently, the temporal dependence of monthly streamflow data was modeled using the copula 

theory and pair-copula constructions.   

Maximum entropy theory  

The marginal distribution for hourly wind speed was estimated by the maximum entropy 

method. According to Janyes (1957), the marginal probability density function (PDF) for a random 

variable 𝑋 can be obtained by maximizing the Shannon entropy for a set of statistical moments as 

constraints. The marginal cumulative density function (CDF) is obtained by computing the integral 

for PDF. Therefore, the corresponding PDF and CDF for a variable 𝑋 can be expressed as follows: 
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Where 𝑎 and 𝑏 are the lower and upper bounds of random variable 𝑋, and 𝜆𝑖  (𝑖 = 1,2, … , 𝑚) 

are the Lagrange multipliers that must be determined. In general, Equation (1) has not analytical 

solution; instead, numerical methods are needed. For this case, the conjugate gradient (CG) method 

is applied (Kong et al,.2015), and ℎ𝑖(𝑥) was defined as a known function of 𝑋, such as ℎ1 = 𝑥, 

ℎ2 = 𝑥2, ℎ3 = 𝑥3 and ℎ4 = 𝑥4 for the constraints of mean, standard deviation, skewness, and 

kurtosis (Hao e Singh, 2009).  

Copulas  

Copulas are functions that model different dependence structures of random variables. 

Mathematically, a copula is a multivariate function 𝐶: [0,1]𝑑 → [0,1] with uniform marginal 

distributions. The advent of copulas becomes popular with the Sklar’s Theorem (1959), who stated 

that for a d random vector 𝑿 = (𝑋1, … , 𝑋𝑑) with marginal distributions 𝐹1, … , 𝐹𝑑, the 

correspondence joint cumulative distribution function 𝐹 can be constructed as 

1 1 1 1 2( ,..., ) { ( ),..., ( )} ( ,..., )d d dF x x C F x F x C u u= =  (3) 
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Where 𝑢𝑖 = 𝐹𝑖(𝑥𝑖) with 𝑢𝑖  ~ 𝑈(0,1) for 𝑖 = 1, … , 𝑑, and 𝐶 is the copula that model the 

dependence structure of the random vector 𝑿 = (𝑋1, … , 𝑋𝑑) . If the marginal distributions 

functions are all continuous then 𝐶 is unique. In terms of a multivariate density function 

𝑓(𝑥1, … , 𝑥𝑑) is written as 
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Where 𝒄𝟏,𝟐,…𝒅( . ) is a d-variate copula density.  

More details about copulas are presented in Nelsen (2006). Although the literature offers 

multivariate copulas, these exhibit some limitations to represent different dependence structures and 

the require more parameters. Instead, it is recommended the use of pair-copula construction and 

regular vines.  

Pair-copula decomposition  

A pair-copula construction (PCC) allows the decomposition of a multivariate probability 

density function by a set of conditional and unconditional bivariate copulas. For this study, the PCC 

is used to modeled the temporal dependence of wind speed time series.    

Consider a univariate time series 𝑿 = {𝑋1, … , 𝑋𝑇} of continuously distributed data with 

marginal distribution function 𝐹(𝑥𝑡). Assuming a Markovian process, an accepted model for 𝑿 

can be defined by the conditionals in terms of the decomposition of the joint density  
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Smith et al. (2010) proved that Equation (5) can be denoting by a product of conditional 

and unconditional bivariate copulas and marginal distribution functions as follows  

1

1 , | 1 | 1 1

2 1

( ,..., ) { ( , )} ( ) ( )
T t

T t j t j j t t

t j

f x x c u u f x f x
−

+ −

= =

  
=  

  
 

 

(6) 

 Equation (6) can be identified as a “D-vine” an is one of a wider class of vine 

decomposition know as “R-vines”, which are a graphical model to organized pair-copula 

constructions. In general, a R-vine d-dimensional is a sequence of 𝑑 − 1 linked trees that satisfy 

several conditions. More details about R-vine theory is presented in Bedford and Cooke (2001).  
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CASE STUDY  

For this study, we selected the monthly mean streamflow time series measured at the 

Sobradinho hydroelectric power plant, which operates in Sao Francisco River (Figure 1). The data 

was provided by the Brazilian National Electrical System Operator (ONS). The time period spans 

from January 1931 to December 2017, totalizing 87 complete years.  

 

Figure 1 – Location of Sobradinho hydroelectric power plant.   

Figure 2 presents the observed annual cycle and the streamflow time series on San Francisco 

River. In this case, the first months (wet period) present a greater average and variance than the 

drought periods (middle of the year).  

 

Figure 2 – Observed annual cycle and streamflows time series in San Francisco River. 

The marginal probability distribution functions were estimated using principle of maximum 

entropy (POME). Table 1 lists the Lagrange multipliers estimated in the POME marginal 

distribution for the observed monthly streamflow in San Francisco River. Moreover, Figure 3 show 
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the calculated PDF and CDF for streamflow in January. The results indicate that the theoretical 

marginal PDF and CDF can well reflect the distribution of the historical data. 

 

Table 1 – Lagrange multipliers for POME based marginal distributions 

Month 𝜆1 𝜆2 𝜆3 𝜆4 

1 0.13 0.63 -0.03 -0.01 

2 0.48 0.50 -0.21 0.03 

3 0.98 1.08 -0.53 0.06 

4 0.74 0.25 -0.37 0.11 

5 0.67 1.15 -0.36 0.03 

6 0.51 0.74 -0.22 0.02 

7 0.41 0.56 -0.17 0.02 

8 0.43 0.48 -0.18 0.03 

9 0.30 0.57 -0.11 0.01 

10 0.23 0.38 -0.10 0.03 

11 0.48 0.50 -0.21 0.03 

12 0.20 0.14 -0.10 0.08 

  

  

Figure 3 – Comparison between empirical PDF(right) and CDF (left) and the generated marginal PDF (right) and CDF 

(left) for January streamflow in Sobradinho hydropower.  

 

The simulation of streamflow time series was defined based in the periodic vine copula model 

proposed by Pereira and Veiga (2018). This approach allows to consider lags that are greater than 

one, and non-linear dependence structure between adjacent months. Basically, a D-vine structure is 

defined for each month to model the periodic structure of historical data. We simulated 200 

scenarios of streamflow with an extension of 60 months (Figure 4). Furthermore, we compare the 

historical averages (blue line) and the simulated averages (red line). The results show that the model 

can represent the periodic behavior of historical data accordingly.  
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Figure 4 – Simulated streamflows scenarios  

 

Descriptive statistics were estimated between observed and simulated data. Figures 5 reports the 

boxplot of simulated scenarios and the observed statistic for each month (blue line). For this case, 

the model well represented the first four statistical moments and maximum values. However, the 

simulated data overestimated the minimum historical data in the first months of the year.   

 

Figure 5 – Comparison between observed (blue line) and simulated (box-plots) monthly streamflow statistics 

 

Statistical tests were performed to compare the mean, the variance and the form of the 

distribution between observed and simulated data. For this case, we employed the Mann-Whitney 

test, the Levene test, and the Kolmogorov-Smirnov (K-S) test, respectively (Figure 6). The bars 

represent the p-value calculated for each scenario and the black line indicates the significance level 
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of 5%. Considering this significance level , the approved rate for each test was 85%, 96% and 92% 

respectively.  

 

 

Figure 6 – Statistical tests over simulated scenarios. a. Mann-Whitney test. b. Levene test. c. K-S test 

 

Finally, we analyze the temporal dependence using the monthly Kendall’s 𝜏 coefficient up to lag 

five (Figure 7). The results show that simulated streamflow data replicated well the temporal 

dependence of historical data for all months.  

 

Figure 7 – Analysis of the simulated autocorrelation based on Kendall’s 𝜏 coefficient for lags 1-5 
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CONCLUSIONS 

 

This study explored the use of an entropy-vine copula-based model for the simulation of 

monthly streamflow time series in San Francisco River. This approach combines the maximum 

entropy theory and D-vines structures to reproduce the non-linear temporal dependence in time 

series. While, D-vines represent a flexible tool for multivariate modeling, and can overcome some 

drawbacks assumptions of others stochastic models, the maximum entropy is a robust method to 

estimate the probability distribution function of random variables. The results of this study showed 

that the presented model can represent well the periodical behavior of streamflow data in the 

Northeast region of Brazil, preserving the main statistical features of historical data.     

 ACKNOWLEDGE 

 

This study was financed in part by the Coordenação de Aperfeiçoamento de Pessoal de Nível 

Superior - Brasil (CAPES) - Finance Code 001.  

 

REFERENCES 

 

BEDFORD, T., COOKE, R. M. (2001). Probability density decomposition for conditionally 

dependent random variables modeled by vines. Annals of Mathematics and Artificial 

intelligence, 32(1-4), 245-268. 

 

BOX, G.E.P; JENKINS, G.M.; REINSEL, G. C. (1994). Time Series Analysis: Forecasting and 

Control, 3 ed. Prentice Hall, New Jersey, 1994. 

 

CEPEL-CENTRO DE PESQUISA DE ENERGIA ELÉTRICA. (2002) “Manual de Referência –

Modelo de Geração de Séries Sintéticas de Energias e Vazões – MODELO GEVAZP”, Rio de 

Janeiro. 

 

HAO, Z.; SINGH, V. P. (2012). Entropy‐copula method for single‐site monthly streamflow 

simulation. Water Resources Research, 48(6). 

 

HAO, Z.; SINGH1, V.P. (2009). Entropy-based parameter estimation for extended three-parameter 

Burr III distribution for low-flow frequency analysis. Trans. ASABE, 52, 1193–1202. 

 

JAYNES, E. T. (1957). Information theory and statistical mechanics. Physical review, 106(4), 620. 

 

JEONG, C.; LEE, T. (2015). Copula-based modeling and stochastic simulation of seasonal 

intermittent streamflows for arid regions. Journal of Hydro-environment Research, 9(4), 604-613 

 



                                                            
 

XXIII Simpósio Brasileiro de Recursos Hídricos (ISSN 2318-0358) 10 

KONG, X. M., HUANG, G. H., FAN, Y. R., LI, Y. P. (2015). Maximum entropy-Gumbel-

Hougaard copula method for simulation of monthly streamflow in Xiangxi river, China. Stochastic 

environmental research and risk assessment, 29(3), 833-846. 

 

LEE T.; SALAS, J. D. (2011). Copula-based stochastic simulation of hydrological data applied to 

Nile River flows. Hydrology Research, 42(4), 318-330. 

 

NELSEN, R. B. (2006). An introduction to copulas, ser. Lecture Notes in Statistics. New York: 

Springer. 

 

PEREIRA, G., VEIGA, Á. (2018). PAR (p)-vine copula based model for stochastic streamflow 

scenario generation. Stochastic Environmental Research and Risk Assessment, 1-10. 

 

SHARMA, A.; & O'NEILL, R. (2002). A nonparametric approach for representing interannual 

dependence in monthly streamflow sequences. Water resources research, 38(7). 

 

SKLAR, M (1959). Fonctions de répartition a n dimensions et leurs marges. Publ l’Inst Stat 

L’Univ Paris 8:229–231 

SMITH, M., MIN, A., ALMEIDA, C., & CZADO, C. (2010). Modeling longitudinal data using a 

pair-copula decomposition of serial dependence. Journal of the American Statistical Association, 

105(492), 1467-1479. 

 


